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THE BULK-EDGE CORRESPONDENCE FOR CONTINUOUS
HONEYCOMB LATTICES
ALEXIS DROUOT
Abstract. We study bulk/edge aspects of continuous honeycomb lattices in a mag-
netic field. We compute the bulk index of Bloch eigenbundles: it equals 2 or −2, with
sign depending on nearby Dirac points and on the magnetic field. We then prove the
existence of two topologically protected unidirectional waves propagating along line
defects. This shows the bulk/edge correspondence for our class of Hamiltonians.
1. Introduction
This note focuses on bulk/edge aspects of continuous, asymptotically periodic Hamil-
tonians Pδ. These operators model electronic transport between honeycomb lattices,
when a magnetic field breaks time-reversal symmetry. Related models have suggested
an analogy between photonic structures and topological insulators [HR08, RH08].
In an asymptotic regime, [FLW16, LWZ17] mathematically constructed edge states
bifurcating from Dirac points energies. Here, we relate their existence to a non-zero
bulk invariant. This demonstrates their persistence outside the perturbative regime.
1.1. Bulk index. The bulk operators associated to Pδ are
Pδ,+
def
= −∆R2 + V+ δ ·W, Pδ,− def= −∆R2 − V− δ ·W, where: (1.1)
• V ∈ C∞(R2,R) is even, periodic with respect to the equilateral lattice Λ and
invariant under the 2pi/3-rotation R – see §2.1.
• W = 1
i
(
A · ∇+∇ · A) and A ∈ C∞(R2,R2) is odd and periodic w.r.t. Λ.
Our first result computes the bulk index of Pδ,±. Let λδ,1(ξ) ≤ · · · ≤ λδ,j(ξ) ≤ . . . be
the eigenvalues of Pδ,+ on Floquet spaces L2ξ – see §2.1. Generically, P0,+ admits Dirac
points (ξ?, E?) and (−ξ?, E?) – see [FW12]. These come with pairs (φ1, φ2) ∈ L2ξ? with
kerL2ξ?
(P0,+ − E?) = Cφ1 ⊕ Cφ2, φ1(Rx) = e2ipi/3φ1(x), φ2(Rx) = e−2ipi/3φ2(x).
We write E? = λ0,n(ξ?) = λ0,n+1(ξ?) and we assume:
λ0,n(ξ) = λ0,n+1(ξ) ⇔ ξ ∈
{
ξ?,−ξ?
}
modulo the dual lattice 2piΛ∗; (1.2)
θ?
def
= 〈φ1,Wφ1〉L2ξ? 6= 0; and inf
{
δ > 0 : ∃ξ ∈ R2, λδ,n(ξ) = λδ,n+1(ξ)
}
> 0. (1.3)
Let δ] be the infimum in (1.3). This assumption allows to construct a smooth bundle
Eδ,± over the torus R2/(2piΛ∗) when δ ∈ (0, δ]): the fiber at ξ is the L2ξ-eigenspace of
Pδ,+ corresponding to λδ,1(ξ), . . . , λδ,n(ξ). Following the physics literature, the bulk
index of Pδ,± is the first Chern class c1(Eδ,±) – see §2.2. We similarly define c1(Eδ,−).
Theorem 1. Assume that (1.2) and (1.3) hold. Then for every δ ∈ (0, δ]),
c1(Eδ,+) = −sgn(θ?) and c1(Eδ,−) = sgn(θ?).
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2 ALEXIS DROUOT
1.2. Edge index and the bulk-edge correspondence. Let v ∈ Λ – representing
the direction of an edge. The operator Pδ considered in [Dr18b] is
Pδ
def
= −∆R2 + V+ δ · κδ ·W.
Above, κδ is a domain wall across Rv: there exists κ ∈ C∞(R,R) equal to ±1 near ±∞
such that κδ(x) = κ(δ〈k′, x〉), where k′ ∈ Λ∗ is dual to v – see §3.1. See [HR08, LWZ17]
for related models. The operators Pδ,± in (1.1) are the limits of Pδ as 〈k′, x〉 → ±∞.
The operator Pδ is not a periodic operator with respect to Λ. It is however periodic
with respect to Zv. For ζ ∈ R, let Pδ[ζ] be the operator equal to Pδ, but acting on
L2[ζ]
def
=
{
u ∈ L2loc
(
R2,C
)
, u(x+ v) = eiζu(x),
∫
R2/Zv
|u(x)|2dx <∞
}
.
Fix δ[ ∈ (0, δ]) and assume that there exists E[ ∈ C∞
(
R/(2piZ),R
)
with
∀ζ, τ, τ ′ ∈ [0, 2pi], λδ[,n(ζk + τk′) < E[(ζ) < λδ[,n+1(ζk + τ ′k′). (1.4)
Then for every ζ ∈ R, E[(ζ) is not in the essential spectrum of Pδ[ [ζ]. This allows
to define the edge index N of Pδ[ as the spectral flow of Pδ[ − E[. It is the signed
number of eigenvalues of Pδ[ [ζ] that cross the gap containing E[(ζ) downwards as ζ
sweeps [0, 2pi]. See [Wa16] for an introduction to spectral flow.
Theorem 2. Assume that (1.2), (1.3) and (1.4) hold, and that 〈ξ?, v〉 /∈ piZ. Then
N = c1(Eδ[,+)− c1(Eδ[,−) = −2 · sgn(θ?). (1.5)
Because the spectral flow is a topological invariant, Theorem 2 is stable under gap-
preserving perturbations of Pδ[ζ]. The condition 〈ξ?, v〉 /∈ piZ excludes armchair-type
edges; we will deal with such edges in an upcoming work.
When δ  1, edge states of operators similar to Pδ were constructed in [FLW16,
LWZ17, Dr18b] under the no-fold condition. This condition requires that the dispersion
surfaces ξ 7→ λ0,n(ξ) and ξ 7→ λ0,n+1(ξ) do not fold over E? except at {ξ?,−ξ?}+ 2piΛ∗
– see [FLW16, §1.3]. Theorem 2 implies that if Pδ[ [ζ] has a continuously open gap for
every ζ ∈ [0, 2pi], two edge state must exist, even when the no-fold condition at δ = 0
fails. These edge states shall arise from resonant states bifurcating into the edge of
the continuous spectrum – see [FLW16, §1.4] and the conjecture there.
Theorem 2 is an index-like theorem that relates a topological index (the Chern
number) to an analytic index (the spectral flow). It is the bulk-edge correspondence,
an ubiquitous result in mathematical physics [Hat93, KRS02, EG02, GP13, ASV13,
PS16, BKR17, Ku17, Br18]. Theorem 2 advances the current understanding via:
• An analysis on a continuous, asymptotically periodic model; see also [KS04a,
KS04b, Ta14] for the quantum Hall effect; [Ba18] for Dirac operators; [BR18]
for a K-theoretic approach; and [Dr18a] for dislocation systems.
• The explicit formula (1.5) for the bulk/edge indexes, which demonstrates the
significance of Dirac points (or more generally degeneracies in the Bloch bands)
in the production of topologically protected edge states.
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It would be interesting to investigate the validity of Theorem 1 and Theorem 2 for
δ outside (0, δ]) or when disorder is added. This regime corresponds to the absence of
mobility gap. Possible directions are suggested by [EGS05, Ta14, GS18, GT18, ST18].
Theorem 2 demonstrates the existence of topologically stable time-harmonic waves
propagating along line defects in graphene. A recent analysis on Dirac operators [Ba17]
suggests that these waves should be insensitive to back-scattering by local obstacles.
We plan to mathematically analyze this phenomena.
1.3. Sketches of proofs. The proof of Theorem 1 relies on three main steps:
• As a topological invariant, the Chern number does not depend on δ ∈ (0, δ]): in
this range, the bundles Eδ,± are diffeomorphic to one another. Hence it suffices
to compute c1(Eδ,±) for small δ only. We then write the Chern number as the
integral of the trace of the Berry curvature Bδ(ξ). This formula involves the
projector Πδ(ξ) to the n-th lowest-energy eigenspaces of Pδ,+(ξ).
• When ξ is away from Dirac momenta {ξ?,−ξ?}+ 2piΛ∗, Πδ(ξ) (and its deriva-
tives) converges uniformly to Π0(ξ). Hence Bδ(ξ) converges uniformly to B0(ξ).
Because of symmetries, B0(ξ) = 0: momenta away from {ξ?,−ξ?} + 2piΛ∗ do
not contribute to the Chern number.
• For ξ near ξ?, we show that after rescaling, Pδ,+(ξ) converges in the resolvent
sense to the two-band model Mδ(ξ) studied in [HR08]. This convergence trans-
fers to Πδ(ξ) and its derivatives, hence to Bδ(ξ). The last part of the proof
computes the Berry curvature and Chern number associated to the low-lying
eigenbundle of Mδ(ξ), eventually leading to c1(Eδ,+) = −sgn(θ?).
In [Dr18b, Corollary 4], we showed that under a condition weaker than (1.4), the
edge index of Pδ equals −2 ·sgn(θ?). That proof relied on a resolvent estimate for Pδ[ζ].
Theorem 2 holds more generally. It differs from [Dr18b, Corollary 4] because it applies
to cases where the no-fold condition fails. This failure is an obstacle to construct edge
states. The existence of long-lived states was instead conjectured [FLW16, §1.4].
In the setting of Theorem 2, the operator Pδ[ [ζ] has an essential L2[ζ]-gap, but Pδ[ζ]
may not have an essential spectral gap for small δ. Therefore, the resolvent estimate
[Dr18b, Theorem 2] does not hold. In order to nonetheless prove Theorem 2, we
construct a modified operator Pδ, with three essential properties:
• It has the same spectral flow as Pδ − E[ when δ = δ[;
• It looks like Pδ for momenta / energy near (ξ?, E?) and δ near 0.
• It retains an essential L2[ζ]-gap as δ ∈ (0, δ[] decreases to 0.
We can then apply the techniques of [Dr18b] to compute the spectral flow of Pδ−E?.
This relies on a resolvent expansion of Pδ. There are two main steps:
• We use the limiting two-band model Mδ(ξ) to approach Pδ,+(ξ), and we inte-
grate these estimates to expand the bulk resolvents (Pδ,+[ζ]− z)−1.
• We construct a parametrix based on the bulk operators Pδ,+[ζ].
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A family of Dirac operators – which quantizes the limiting two-band model near infinity
– controls the effective dynamics near each of the two Dirac points. Each family has
spectral flow equal to −sgn(θ?), which implies that Pδ has spectral flow −2 · sgn(θ?).
These Dirac operators arised in previous work [FLW17, FLW16, LWZ17] where
they were used to construct some edge states as adiabatic modulations of the Dirac
point Bloch modes. These constructions rely on a sophisticated Lyapounov–Schmidt
reduction combined with multiscale analysis. Working at the level of the resolvent has
the advantage of producing all edge states. This knowledge is necessary to compute
the edge index – see [DFW18, Dr18a] for bulk/edge analysis of dislocated models.
Notations. We will use the following notations:
• D(z, r) ⊂ C denotes the disk centered at z ∈ C, of radius r.
• If H is a Hilbert space and A : H→ H is bounded, the norm of A is
‖A‖H def= sup
|ψ|H=1
|Aψ|H.
• If Aε : H → H is a bounded operator and f : (0, ε0] → R, we write Aε =
OH
(
f(ε)
)
when there exists C > 0 such that ‖Aε‖H ≤ Cf(ε) for ε ∈ (0, ε0].
• If ζ ∈ R/(2piZ) 7→ H(ζ) is a continuous family of selfadjoint operators such
that 0 /∈ Σess
(
H(ζ)
)
, Sf(H) denotes the spectral flow of H through zero as ζ
spans [0, 2pi] – see [Wa16] for a comprehensive introduction.
Acknowledgments. I am grateful to M. I. Weinstein and J. Shapiro for valuable
discussions. I thankfully acknowledge support from the Simons Foundation through
M. I. Weinstein’s Math+X investigator award #376319 and from NSF DMS-1800086.
2. Proof of Theorem 1
2.1. Dirac points amd their bifurcations. Here we review honeycomb Schro¨dinger
operators, Dirac points and gap openings via conjugation symmetry breaking. Let
Λ = Zv1 ⊕ Zv2 be the equilateral Z2-lattice:
v1 = a
[√
3
1
]
, v2 = a
[√
3
−1
]
,
where a > 0 is a constant such that Det[v1, v2] = 1. The dual basis k1, k2 consists of
two vectors in (R2)∗ which satisfy 〈ki, vj〉 = δij. The dual lattice is Λ∗ = Zk1 ⊕ Zk2.
The corresponding fundamental cell and dual fundamental cell are
L def=
{
sv1 + s
′v2 : s, s′ ∈ [0, 1)
}
, L∗ def=
{
τk1 + τ
′k2 : τ, τ ′ ∈ [0, 2pi)
}
.
Honeycomb potential are smooth functions R2 → R that are even, Λ-periodic and
invariant under 2pi/3-rotations – see [Dr18b, Definition 1]. Let V be a honeycomb
potential and P0 = −∆R2 + V. Since P0 is periodic w.r.t. Λ, it acts on
L2ξ
def
=
{
u ∈ L2loc(R2,C) : u(x+ w) = ei〈ξ,w〉u(x)
}
,
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for all ξ ∈ R2. We denote by P0(ξ) the operator P0 acting on L2ξ ; it has discrete
spectrum λ0,1(ξ) ≤ · · · ≤ λ0,j(ξ) ≤ . . . .
Definition 1. A pair (ξ?, E?) ∈ R2 × R is a Dirac point of P0 if:
(i) E? is a L
2
ξ?
-eigenvalue of P0(ξ?) of multiplicity 2;
(ii) There exists an orthonormal basis {φ1, φ2} of kerL2ξ?
(
P0(ξ?)− E?
)
such that
φ1(Rx) = e
2ipi/3φ1(x), φ2(x) = φ1(−x), φ2(Rx) = e−2ipi/3φ2(x). (2.1)
(iii) There exist n ≥ 1 and νF > 0 such that for ξ close to ξ?,
λ0,n(ξ) = E? − νF · |ξ − ξ?|+O(ξ − ξ?)2,
λ0,n+1(ξ) = E? + νF · |ξ − ξ?|+O(ξ − ξ?)2.
In a seminal paper [FW12], Fefferman and Weinstein showed that for a generic
choice of V, P0 admit Dirac points (ξ?, E?). Different perspectives – on the proof and
on the context – have appeared since [Le16, FLW17, LWZ17, BC18, AFL18, AHY18].
Because of (2.1), ξ? ∈
{
ξA? , ξ
B
?
}
+ 2piΛ∗ with
ξA?
def
=
2pi
3
(2k1 + k2), ξ
B
?
def
=
2pi
3
(k1 + 2k2) = −ξA? mod 2piΛ∗.
Since P0 is invariant under spatial inversion,
(
ξA? , E?
)
is a Dirac point of P0 if and
only if
(
ξB? , E?
)
is another Dirac point of P0. In the rest of the paper, we assume that
(ξ?, E?) is a Dirac point of P0, associated to the n-th band, and such that (1.2) holds:
λ0,n(ξ) = λ0,n+1(ξ) ⇒ ξ ∈
{
ξA? , ξ
B
?
}
+ 2piΛ∗.
We take {φ1, φ2} ⊂ L2ξ? satisfying (2.1).
Introduce the operators
Pδ,±
def
= P0 ± δW = −∆R2 + V± δW, W = A ·Dx +Dx · A, Dx def= 1
i
[
∂x1
∂x2
]
,
where A ∈ C∞(R2,R2) is periodic w.r.t. Λ and A(x) = A(−x). They are conjugation-
breaking perturbations of P0; they represent graphene-like structures affected by a
magnetic field. The work [LWZ17] considers other conjugation-breaking operators,
and constructs edge states in a perturbative adiabatic regime. We define
δ]
def
= inf
{
δ > 0 : ∃ξ ∈ R2, λδ,n(ξ) = λδ,n+1(ξ)
}
.
For δ ∈ (0, δ]), the n-th L2ξ-gap of Pδ,±(ξ) is open:
inf
ξ∈R2
(
λδ,n+1(ξ)− λδ,n(ξ)
)
> 0. (2.2)
If (1.2) holds and θ? = 〈φ1,Wφ1〉L2ξ? 6= 0 then δ] > 0 – see Lemma 2.3. This means
that breaking conjugation invariance opens the n-th gap of Pδ(ξ). In the rest of the
paper, we work with δ ∈ (0, δ]); in particular, (2.2) always holds.
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2.2. Bulk index. We review the definition of bulk index. For δ ∈ (0, δ]), the gap
condition (2.2) holds. We can then define a rank-n vector bundle Eδ,+ over the two-
torus T2 = R2/(2piΛ∗): the fiber at a point ξ ∈ T2 is the vector space
Eδ,+(ξ)
def
=
n⊕
j=1
kerL2ξ?
(
Pδ,+(ξ)− λδ,j(ξ)
) ⊂ L2ξ .
When provided with its natural structure, this bundle is smooth because of the gap
condition (2.2) and [Ka95, §VII.1.3, Theorem 1.7]. In order to define the bulk index,
we first look at Eδ,+ as a bundle over R2 instead of T2. Since R2 is contractible, this
bundle is trivial – see [Mo01, pp. 15]. Therefore it admits a smooth orthonormal frame
ξ ∈ R2 7→ (ψδ,1(ξ), . . . , ψδ,n(ξ)) ∈ L2ξ × · · · × L2ξ . (2.3)
For every δ ∈ (0, δ]), the orthogonal projector Πδ(ξ) : L2ξ → L2ξ onto Eδ,+ varies
smoothly with ξ – this means that e−i〈ξ,x〉Πδ(ξ)ei〈ξ,x〉 forms a smooth family of operators
on L20. The operator Πδ(ξ) relates to the orthonormal frame (2.3) via
ξ ∈ R2 ⇒ Πδ(ξ) =
n∑
j=1
ψδ,j(ξ)⊗ ψδ,j(ξ).
Let Γ
(
R2,Eδ,+
)
be the space of smooth sections of the bundle Eδ,+ over R2; fix
σ ∈ Γ(R2,Eδ,+). We write σ = ∑nj=1 σδ,j · ψδ,j; the coordinates σδ,j are smooth
functions R2 → C. For ξ ∈ R2, we set
∇σ(ξ) def=
n∑
j=1
dσδ,j(ξ) · ψδ,j(ξ) + σδ,j(ξ) · Πδ(ξ)
(
∂ψδ,j(ξ)
)
, where
dσδ,j(ξ)
def
=
2∑
m=1
∂σδ,j(ξ)
∂ξm
· dξm, ∂ψδ,j(ξ) def=
2∑
m=1
ei〈ξ,x〉 · ∂
(
e−i〈ξ,x〉ψδ,j(ξ)
)
∂ξm
· dξm.
We observe that ∇σ is an element of Γ(R2,Eδ,+ ⊗ T∗R2).
If σ ∈ Γ(T2,Eδ,+), we can see σ as an element of Γ(R2,Eδ,+). Then ∇σ happens
to be an element of Γ
(
T2,Eδ,+ ⊗ T ∗T2
)
.1 Since ∇ satisfies Leibnitz’s rule, ∇ is a
connection on the bundle Eδ,+ → T2. It is called the Berry connection; its curvature
is the Berry curvature [Si83, Be84].
The trace of the Berry curvature, Bδ(ξ)dξ1∧ dξ2 has an expression in terms of Πδ(ξ)
that is manifestly gauge-invariant, i.e. independent of the choice of frame in (2.3):
Bδ(ξ)
def
= Tr
(
Πδ(ξ)
[∇ξ1Πδ(ξ),∇ξ2Πδ(ξ)]) where
∇ξmΠδ(ξ) def= ei〈ξ,x〉 ·
∂
(
e−i〈ξ,x〉Πδ(ξ)ei〈ξ,x〉
)
∂ξm
· e−i〈ξ,x〉 : L2ξ → L2ξ .
(2.4)
1For a proof when n = 1, we refer to [Dr18a, §4]; the same argument applies to n > 1. It relies on
the fact that the frame (ψδ,1, . . . , ψδ,n) defines coordinates on Eδ,+ with unitary transition functions.
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We mention that Bδ(ξ) is purely imaginary. Indeed, using that Πδ(ξ) is selfadjoint and
that the trace is cyclic, Bδ(ξ) equals
Tr
([∇ξ2Πδ(ξ)∗,∇ξ1Πδ(ξ)∗]Πδ(ξ)∗) = Tr(Πδ(ξ)[∇ξ2Πδ(ξ),∇ξ1Πδ(ξ)]) = −Bδ(ξ).
The first Chern class of Eδ,+, or bulk index, is the integral of Bδ(ξ) over T2:
c1(Eδ,+) =
i
2pi
∫
T2
Bδ(ξ) · dξ. (2.5)
See for instance [Ba18, (15)]. This is a topological integer – see e.g. [BGV92, pp. 49].
In particular, it doe s not depend on δ ∈ (0, δ]). To prove Theorem 1 we will compute
c1(Eδ,+) in the limit δ → 0: because of topological invariance,
δ ∈ (0, δ]) ⇒ c1(Eδ,+) = lim
δ→0+
c1(Eδ,+).
2.3. Berry curvature of the unperturbed operator. Let E0 → T2 be the bundle
with fibers
E0(ξ) =
n⊕
j=1
kerL2ξ
(
P0(ξ)− λ0,j(ξ)
) ⊂ L2ξ , P0(ξ) = −∆R2 + V : L2ξ → L2ξ .
If (2.2) holds, the restriction of E0 to T2\
({ξA? , ξB? }+2piΛ∗) is a smooth vector bundle of
rank n (when provided with its canonical structure). The trace of the Berry curvature
B0 of this bundle is defined via (2.4). We show here that B0 vanishes uniformly because
P0 is invariant under both I (spatial inversion) and C (complex conjugation).
Since CP0(ξ)C−1 = P0(−ξ), we deduce that CΠ0(ξ)C−1 = Π0(−ξ). It follows that
B0(ξ) = Tr
(
C · Π0(ξ)
[∇ξ1Π0(ξ),∇ξ2Π0(ξ)] · C−1)
= Tr
(
Π0(−ξ)
[∇ξ1Π0(−ξ),∇ξ2Π0(−ξ)]) = B0(−ξ). (2.6)
Since B0(ξ) is a purely imaginary number, we deduce that B0(−ξ) = −B0(ξ). Since
IP0(ξ)I−1 = P0(−ξ), IΠ0(ξ)I−1 = Π0(−ξ) and
B0(ξ) = Tr
(
I · Π0(ξ)
[∇ξ1Π0(ξ),∇ξ2Π0(ξ)] · I−1)
= Tr
(
Π0(−ξ)
[∇ξ1Π0(−ξ),∇ξ2Π0(−ξ)]) = B0(−ξ).
This shows that B0(ξ) = B0(−ξ). We conclude that B0(ξ) = 0.
Remark 2.1. Fefferman–Lee-Thorp–Weinstein [FLW16] studied an operator Pδ that
shares many of the characteristics of Pδ, but that is invariant under spatial inversion
instead of complex conjugation. They produced two edge states for Pδ[ζ] as adiabatic
combinations of the Dirac point Bloch modes with eigenvectors of an emerging Dirac
operator. The associated time-harmonic waves propagate in opposite directions. In
[Dr18b] we proved that all edge states take this form, and showed that the correspond-
ing spectral flow vanishes. This agrees with the bulk-edge correspondence. Indeed,
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the bulk operators are invariant under C: the trace of the Berry curvature is odd – see
(2.6). Since the Chern number is the integral of the Berry curvature, it vanishes.
2.4. Away from Dirac momenta. In this section we study Bδ(ξ) when δ is small
and ξ is away from
{
ξA? , ξ
B
?
}
+ 2piΛ∗. Define
ρ(ξ)
def
= dist
(
ξ,
{
ξA? , ξ
B
?
}
+ 2piΛ∗
)
.
Lemma 2.1. Under (1.2), for every ε > 0, there exists C > 0 such that
δ ∈ [0, δ]) ⇒ sup
{|Bδ(ξ)| : ρ(ξ) ≥ ε} ≤ Cδ.
Proof. Fix ε > 0. We observe that the family of bounded operators on L20
(δ, ξ) ∈ [0, δ])×
{
ξ ∈ R2 : ρ(ξ) ≥ ε} 7→ e−i〈ξ,x〉Πδ(ξ)ei〈ξ,x〉 (2.7)
is smooth because of (1.2) and [Ka95, §VII.1.3, Theorem 1.7]. Therefore, the estimate
Πδ(ξ)
[∇ξ1Πδ(ξ),∇ξ2Πδ(ξ)] = Π0(ξ)[∇ξ1Π0(ξ),∇ξ2Π0(ξ)]+ OL2ξ(δ)
holds uniformly for ξ in compact subsets of R2 with ρ(ξ) ≥ ε. Since (2.7) varies
periodically with ξ, it holds uniformly on
{
ξ ∈ R2 : ρ(ξ) ≥ ε}. The remainder
OL2ξ(δ) is an operator of rank at most 2n because the leading order terms are of rank
n. Therefore we can take the trace on both sides and deduce
Tr
(
Πδ(ξ)
[∇ξ1Πδ(ξ),∇ξ2Πδ(ξ)]) = Tr (Π0(ξ)[∇ξ1Π0(ξ),∇ξ2Π0(ξ)])+O(δ),
uniformly for ξ ∈ R2 with ρ(ξ) ≥ ε. Hence Bδ(ξ) = B0(ξ) +O(δ). Since B0(ξ) = 0, the
proof is complete. 
2.5. Near Dirac momenta. Fix a Dirac point (ξ?, E?) of P0. In this section, we
estimate Bδ. We first prove spectral estimates at pairs momentum / energy (ξ, z) near
(ξ?, E?). We recall the identity [FLW16, Proposition 4.5] – see [Dr18b, Lemma 2.1] for
the version needed here: there exists ν? ∈ C with |ν?| = νF such that
∀η ∈ R2 ≡ C, ν?η = 2
〈
φ1, (η ·Dx)φ2
〉
L2ξ?
, Dx
def
=
1
i
[
∂x1
∂x2
]
. (2.8)
Introduce the matrix
Mδ(ξ) =
[
E? + δθ? ν? · (ξ − ξ?)
ν? · (ξ − ξ?) E? − δθ?
]
, θ?
def
= 〈φ1,Wφ1〉L2ξ? .
For every ξ ∈ R2 and δ > 0, the matrix Mδ(ξ) has two distinct eigenvalues
µ±δ (ξ) = E? ± rδ(ξ), rδ(ξ) def=
√
θ2F · δ2 + ν2F · |ξ − ξ?|2, θF def= |θ?|.
The difference between the two eigenvalues of Mδ(ξ) is 2rδ(ξ). Hence,
z ∈ ∂D(µ±δ (ξ), rδ(ξ)) ⇒ ∣∣z − µ∓δ (ξ)∣∣ ≥ rδ(ξ). (2.9)
The spectral theorem shows that for z ∈ ∂D(µ±δ (ξ), rδ(ξ)), Mδ(ξ)− z is invertible and(
z −Mδ(ξ)
)−1
= OC2
(
rδ(ξ)
−1) = OC2 ((δ + |ξ − ξ?|)−1) . (2.10)
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Introduce the operator
J0(ξ) : L2ξ → C2, J0(ξ)u =
[〈
ei〈ξ−ξ?,x〉φ1, u
〉
L2ξ〈
ei〈ξ−ξ?,x〉φ2, u
〉
L2ξ
]
.
Lemma 2.2. Assume that θ? 6= 0. There exist δ0 and ε0 > 0 such that if
δ ∈ (0, δ0), |ξ − ξ?| < ε0, z ∈ ∂D
(
µ±δ (ξ), rδ(ξ)
)
(2.11)
then Pδ,+(ξ)− z : H2ξ → L2ξ is invertible and(
z − Pδ,+(ξ)
)−1
= J0(ξ)∗ ·
(
z −Mδ(ξ)
)−1 · J0(ξ) + OL2ξ(1).
Proof. 1. We proved an analogous statement in [Dr18b, Lemma 4.3] for different values
of the parameters ξ and z. Here we require |ξ − ξ?| ≤ ε0 and z ∈ ∂D
(
µ±δ (ξ), rδ(ξ)
)
instead of |ξ−ξ?| ≤ δ1/3 and z ∈ D
(
E?, θ ·rδ(ξ)
)
for some θ ∈ (0, 1). The same strategy
works here. Introduce the ξ-dependent family of vector spaces
V (ξ) = C · ei〈ξ−ξ?,x〉φ1 ⊕ C · ei〈ξ−ξ?,x〉φ2 ⊂ L2ξ .
We split L2ξ as V (ξ)⊕V (ξ)⊥. With respect to this decomposition, we write Pδ,+(ξ) as
a block-by-block operator:
Pδ,+(ξ)− z =
[
Aδ(ξ)− z Bδ(ξ)
Cδ(ξ) Dδ(ξ)− z
]
. (2.12)
Below, we use 〈·, ·〉 instead of 〈·, ·〉L2ξ to denote the Hermitian product on L2ξ .
2. Bounds for the operators Bδ(ξ) and Cδ(ξ) were obtained in [Dr18b, (4.8)]:
Bδ(ξ) = OV (ξ)⊥→V (ξ)
(
rδ(ξ)
)
, Cδ(ξ) = OV (ξ)→V (ξ)⊥
(
rδ(ξ)
)
. (2.13)
3. Step 3 in the proof of [Dr18b, Lemma 4.3] applies here. It uses that D0(ξ) has
no eigenvalues near E? and that Dδ(ξ)−D0(ξ) = OL2ξ(δ). It shows that if (2.11) holds
then Dδ(ξ)− z is invertible from V (ξ)⊥ ∩H2ξ to V (ξ)⊥ and(
Dδ(ξ)− z
)−1
= OV (ξ)⊥(1). (2.14)
4. We now study Aδ(ξ)− z. This operator acts on the two-dimensional space V (ξ);
its matrix in the basis
{
ei〈ξ−ξ?,x〉φ1, ei〈ξ−ξ?,x〉φ2
}
is[〈
ei〈ξ−ξ?,x〉φ1, (Pδ(ξ)− z)ei〈ξ−ξ?,x〉φ1
〉 〈
ei〈ξ−ξ?,x〉φ1, (Pδ(ξ)− z)ei〈ξ−ξ?,x〉φ2
〉〈
ei〈ξ−ξ?,x〉φ2, (Pδ(ξ)− z)ei〈ξ−ξ?,x〉φ1
〉 〈
ei〈ξ−ξ?,x〉φ2, (Pδ(ξ)− z)ei〈ξ−ξ?,x〉φ2
〉] . (2.15)
As in [Dr18b, Step 4, Lemma 4.3] the matrix elements in (2.15) are〈
φj,
(
Pδ(ξ)− z
)
φk
〉
=
(
E? − |ξ − ξ?|2 − z
)
δjk +
〈
φj,
(
δW+ 2(ξ − ξ?) ·Dx
)
φk
〉
.
Because of (2.8), 〈φ2, 2(ξ − ξ?) ·Dxφ1〉 = ν?(ξ − ξ?); [Dr18b, Lemma 2.1] shows that
〈φj, 2(ξ − ξ?) ·Dxφj〉 vanishes. Moreover, [Dr18b, Lemma 7.3] shows that 〈φ2,Wφ1〉 =
〈φ1,Wφ2〉 = 0 and 〈φ1,Wφ1〉 = θ? = −〈φ2,Wφ2〉. We deduce that the matrix (2.15) is
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equal to Mδ(ξ)− z+OC2(ξ− ξ?)2. Using a Neumann series argument based on (2.15),
when (2.11) holds, Aδ(ξ)− z is invertible; and(
Aδ(ξ)− z
)−1
= I0(ξ)∗ ·
(
Mδ(ξ)− z
)−1 · I0(ξ) + OV (ξ)( |ξ − ξ?|2
rδ(ξ)2
)
= I0(ξ)∗ ·
(
Mδ(ξ)− z
)−1 · I0(ξ) + OV (ξ)(1). (2.16)
Above, I0(ξ) : V (ξ)→ C2 is the coordinate map. Because of (2.10), we also get(
Aδ(ξ)− z
)−1
= OV (ξ)
(
rδ(ξ)
−1) . (2.17)
5. Schur’s lemma allows to invert block-by-block operators of the form (2.12) under
certain conditions on the blocks; see [DFW18, Lemma 4.1] for the version needed here.
We checked that Dδ(ξ)− z : V (ξ)→ V (ξ) is invertible. It remains to check that:
Aδ(ξ)− z −Bδ(ξ) ·
(
Dδ(ξ)− z
)−1 · Cδ(ξ) : V (ξ)→ V (ξ) is invertible. (2.18)
We observe that because of (2.13) and (2.14),
Bδ(ξ) ·
(
Dδ(ξ)− z
)−1 · Cδ(ξ) = OV (ξ)(rδ(ξ)2).
Therefore a Neumann series argument based on (2.17) shows that (2.18) holds. Thanks
to (2.16), it also shows that the inverse is equal to(
Aδ(ξ)− z
)−1
+ OV (ξ)(1) = I0(ξ)∗ ·
(
Mδ(ξ)− z
)−1 · I0(ξ) + OV (ξ)(1).
We apply Schur’s lemma. From (2.12), we obtain that Pδ(ξ) − z : H2ξ → L2ξ is
invertible when (2.11) holds; and moreover(
Pδ(ξ)− z
)−1
=
[
I0(ξ)∗ ·
(
Mδ(ξ)− z
)−1 · I0(ξ) 0
0 0
]
+ OL2ξ(1)
= J0(ξ)∗ ·
(
Mδ(ξ)− z
)−1 · J0(ξ) + OL2ξ(1).
This completes the proof. 
Lemma 2.3. If (1.2) holds, then θ? 6= 0 and δ] > 0 for a generic choice of W.
Proof. 1. Recall that θ? = 〈φ1,Wφ1〉L2ξ? and observe that
θ? = 〈φ1,ADxφ1〉L2ξ? + 〈Dxφ1,Aφ1〉L2ξ? =
〈
φ1 ·Dxφ1 − (Dxφ1) · φ1,A
〉
L2ξ?
.
Because of the unique continuation principle for elliptic problems – see [Ho¨07, Theorem
17.2.6] – φ1 cannot vanish on an open set. We deduce that if
φ1Dxφ1 −Dxφ1φ1 = φ12Dx
(
φ1
φ1
)
vanishes uniformly, then φ1 and φ1 are linearly dependent. This is impossible because
φ1 ∈ L2−ξ? and L2ξ? ∩ L2−ξ? = {0}. We deduce that the condition θ? 6= 0 is equivalent
to requiring that A does not lie in the hyperplane normal to φ1 ·Dxφ1 − (Dxφ1) · φ1.
This is a generic condition.
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2. Define γ±δ (ξ) = ∂D
(
µ±δ (ξ), rδ(ξ)
)
. Lemma 2.2 implies that
Π±δ (ξ)
def
=
1
2pii
∮
γ±δ (ξ)
(
z − Pδ,+(ξ)
)−1 · dz
=
1
2pii
∮
γ±δ (ξ)
J0(ξ)∗ ·
(
z −Mδ(ξ)
)−1 · J0(ξ) · dz + OL2ξ(rδ(ξ)2) def= pi±δ (ξ) + OL2ξ(rδ(ξ)2).
Because of the spectral theorem, Π±δ (ξ) is a projector. If f1, f2 are normalized elements
in the range of Πδ(ξ) then
f1 = Π
±
δ (ξ)f1 = piδ(ξ)f1 +OL2ξ
(
rδ(ξ)
2
)
.
Since piδ(ξ) is a rank-one projector – see (2.9) – f1 and f2 cannot be orthogonal. We
deduce that Π±δ (ξ) has rank one. In other words Pδ,+(ξ) has precisely one eigenvalue in
each disk D
(
µ±δ (ξ), rδ(ξ)
)
for (ξ, δ) close enough to (ξ?, 0). Because of [FW14, Appendix
A.1], these two eigenvalues must be λδ,n(ξ) and λδ,n+1(ξ). We deduce that
λδ,n(ξ) · Π−δ (ξ) =
1
2pii
∮
γ−δ (ξ)
z · (z − Pδ,+(ξ))−1 · dz
= J0(ξ)∗ · 1
2pii
∮
γ−δ (ξ)
z · (z −Mδ(ξ))−1 · dz · J0(ξ) + OL2ξ(rδ(ξ)2)
= µ−δ (ξ) · J0(ξ)∗piδ(ξ)J0(ξ) + OL2ξ
(
rδ(ξ)
2
)
.
A similar identity holds for λδ,n(ξ) · Π+δ (ξ). Taking the trace, we deduce that
λδ,n(ξ) = µ
−
δ (ξ) +O
(
rδ(ξ)
2
)
= E? − rδ(ξ) +O
(
rδ(ξ)
2
)
,
λδ,n+1(ξ) = µ
+
δ (ξ) +O
(
rδ(ξ)
2
)
= E? + rδ(ξ) +O
(
rδ(ξ)
2
)
.
(2.19)
3. Assume that δ] = 0. Then for any k ∈ N, there exist ξk ∈ L∗ and 0 < δk → 0 as
k → ∞, with λδk,n(ξk) = λδk,n+1(ξk). After passing to a subsequence, we can assume
that ξk converges to a point→ ξ∞. Because of [FW14, Appendix A.1], λδk,n(ξk) →
λ0,n(ξ∞) and λδk,n+1(ξk) → λ0,n+1(ξ∞). It follows that λ0,n(ξ∞) = λ0,n+1(ξ∞). We
deduce from (1.2) that ξ∞ ∈ {ξA? , ξB? }; (2.9) and (2.19) yield
E? + rδk(ξk) +O
(
rδk(ξ)
2
)
= E? − rδk(ξk) +O
(
rδk(ξ)
2
)
.
This is not possible unless δk = 0 for k large enough, which contradicts δk > 0. We
conclude that δ] > 0. 
Let ξ ∈ R2 7→ bδ(ξ) be the trace of the Berry curvature associated to the line bundle
with fiber kerC2
(
Mδ(ξ)− µ−δ (ξ)
)
over R2.
Lemma 2.4. There exist δ0 > 0 and ε0 > 0 such that
δ ∈ (0, δ0), |ξ − ξ?| < ε0 ⇒ Bδ(ξ) = bδ(ξ) +O
(
rδ(ξ)
−1).
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Proof. 1. Let Qδ(ξ) : L
2
ξ → L2ξ the projector on
n−1⊕
j=1
kerL2ξ
(
Pδ,+(ξ)− λδ,j(ξ)
)
.
The eigenvalues λ0,1(ξ?), . . . , λ0,n−1(ξ?) of P0(ξ?) are separated from the rest of the
spectrum of P0(ξ?) because E? = λ0,n(ξ?) = λ0,n+1(ξ?) has multiplicity precisely 2.
Because of [Ka95, §VIII.1.3 Theorem 1.7], the family (δ, ξ) 7→ Qδ(ξ) is smooth on a
neighborhood of (0, ξ?). In particular, under these conditions,
Tr
(
Qδ(ξ)
[∇ξ1Qδ(ξ),∇ξ2Qδ(ξ)]) = O(1).
For δ > 0, let Π−δ (ξ) be the projector on kerL2ξ
(
Pδ,+(ξ)−λδ,n(ξ)
)
. Because of (2.19),
for (δ, ξ) near (0, ξ?), λδ,n(ξ) is a simple eigenvalue of Pδ,+(ξ). Therefore for (δ, ξ) near
(0, ξ?) the projector Πδ(ξ) splits orthogonally as
Πδ(ξ) = Π
−
δ (ξ) +Qδ(ξ). (2.20)
We recall that Bδ(ξ) is gauge independent – i.e. it does not depend on the choice
of frame in (2.3). Pick a frame in (2.3) associated to the orthogonal decomposition
(2.20). The associated Berry connection and curvature split accordingly to components
for Π−δ (ξ) and Qδ(ξ). In other words, the curvature endomorphism is a two-form valued
diagonal by block matrix, with respect to the decomposition (2.20). Therefore,
Bδ(ξ) = Tr
(
Qδ(ξ)
[∇ξ1Qδ(ξ),∇ξ2Qδ(ξ)])+ Tr(Π−δ (ξ)[∇ξ1Π−δ (ξ),∇ξ2Π−δ (ξ)])
= Tr
(
Π−δ (ξ)
[∇ξ1Π−δ (ξ),∇ξ2Π−δ (ξ)])+O(1). (2.21)
2. Recall that γ−δ (ξ) = ∂D
(
µ−δ (ξ), rδ(ξ)
)
oriented clockwise. When (ξ, δ) is suffi-
ciently close to (ξ?, 0), we saw in Step 2 of the proof of Lemma 2.3 that Pδ,+(ξ) has a
unique eigenvalue in D
(
µ±δ (ξ), rδ(ξ)
)
, which is λδ,n(ξ). The Cauchy formula yields
Π−δ (ξ) =
1
2pii
∮
γ−δ (ξ)
(
z − Pδ,+(ξ)
)−1
dz. (2.22)
Let pi−δ (ξ) be the projector on the eigenvalue µ
−
δ (ξ) of Mδ(ξ). We use Lemma 2.2 and
that γ−δ (ξ) has length O
(
rδ(ξ)
)
to get
Π−δ (ξ) = J0(ξ)
∗ · 1
2pii
∮
γ−δ (ξ)
(
z −Mδ(ξ)
)−1
dz · J0(ξ) + OL2ξ
(
rδ(ξ)
)
= J0(ξ)∗ · pi−δ (ξ) · J0(ξ) + OL2ξ
(
rδ(ξ)
)
.
3. We study ∇ξ1Π−δ (ξ) – defined in (2.4):
∇ξ1Π−δ (ξ) def= ei〈ξ,x〉 ·
∂
(
e−i〈ξ,x〉Π−δ (ξ)e
i〈ξ,x〉)
∂ξ1
· e−i〈ξ,x〉 : L2ξ → L2ξ . (2.23)
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The projector e−i〈ξ,x〉Π−δ (ξ)e
i〈ξ,x〉 is associated to e−i〈ξ,x〉Pδ(ξ)ei〈ξ,x〉 instead of Pδ(ξ).
The same Cauchy formula as (2.22) gives
e−i〈ξ,x〉Π−δ (ξ)e
i〈ξ,x〉 =
1
2pii
∮
γ−δ (ξ)
(
z − e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉
)−1
dz. (2.24)
Observe that e−i〈ξ,x〉Pδ(ξ)ei〈ξ,x〉 = (Dx + ξ)2 + V+ δW . Hence,
∂
(
e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉
)
∂ξ1
= 2(Dx1 + ξ1) = 2e
−i〈ξ,x〉Dx1e
i〈ξ,x〉.
We use [Dr18a, Lemma A.6] – a result to differentiate Cauchy integrals when the
contour depends on the parameter – to differentiate (2.24) w.r.t. ξ1. We get
1
2pii
∮
γ−δ (ξ)
(
z − e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉
)−1 ∂ (e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉)
∂ξ1
(
z − e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉
)−1
dz
=
1
2pii
∮
γ−δ (ξ)
(
z − e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉
)−1 · 2e−i〈ξ,x〉Dx1ei〈ξ,x〉 · (z − e−i〈ξ,x〉Pδ,+(ξ)ei〈ξ,x〉)−1 dz
= e−i〈ξ,x〉 · 1
2pii
∮
γ−δ (ξ)
(
z − Pδ,+(ξ)
)−1 · 2Dx1 · (z − Pδ,+(ξ))−1dz · ei〈ξ,x〉.
We deduce from (2.23) that
∇ξ1Π−δ (ξ) =
1
2pii
∮
γ−δ (ξ)
(
z − Pδ,+(ξ)
)−1 · 2Dx1 · (z − Pδ,+(ξ))−1dz. (2.25)
We recall that
(
z −Mδ(ξ)
)−1
= OC2
(
rδ(ξ)
−1) when z ∈ γ−δ (ξ). Because of Lemma
2.2, (z − Pδ,+(ξ))−1 = OL2ξ
(
rδ(ξ)
−1) when z ∈ γ−δ (ξ). Since the contour γ−δ (ξ) has
length O
(
rδ(ξ)
)
, we deduce from (2.25) that ∇ξ1Π−δ (ξ) = OL2ξ
(
rδ(ξ)
−1). Moreover,
Lemma 2.2 combined with (2.25) shows that ∇ξ1Π−δ (ξ) equals
J0(ξ)∗ · 1
2pii
∮
γ−δ (ξ)
(
z −Mδ(ξ)
)−1 · J0(ξ)2Dx1J0(ξ)∗ · (z −Mδ(ξ))−1dz · J0(ξ) + OL2ξ(1).
As in Step 4 in the proof of Lemma 2.2,
J0(ξ)2Dx1J0(ξ)∗ =
[
0 ν?
ν? 0
]
+ OC2(ξ − ξ?) = ∂Mδ(ξ)
∂ξ1
+ OC2(ξ − ξ?).
We use
(
z −Mδ(ξ)
)−1
= OC2
(
rδ(ξ)
−1) when z ∈ γ−δ (ξ); γ−δ (ξ) has length O(rδ(ξ));
|ξ − ξ?| · rδ(ξ)−1 = O(1); to deduce that ∇ξ1Π−δ (ξ) equals, modulo OOL2ξ(1),
J0(ξ)∗ · 1
2pii
∮
γ−δ (ξ)
(
z −Mδ(ξ)
)−1∂Mδ(ξ)
∂ξ1
(
z −Mδ(ξ)
)−1
dz · J0(ξ)
= J0(ξ)∗ · ∂
∂ξ1
(
1
2pii
∮
γ−δ (ξ)
(
z −Mδ(ξ)
)−1
dz
)
· J0(ξ)+ = J0(ξ)∗ · ∂pi
−
δ (ξ)
∂ξ1
· J0(ξ).
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A similar calculation leads to
∂Π−δ (ξ)
∂ξ2
= OL2ξ
(
rδ(ξ)
−1), ∂Π−δ (ξ)
∂ξ2
= J0(ξ)∗ · ∂pi
−
δ (ξ)
∂ξ2
· J0(ξ) + OL2ξ(1).
4. We conclude that
Π−δ (ξ)
[∇ξ1Π−δ (ξ),∇ξ2Π−δ (ξ)]
= J0(ξ)∗ · pi−δ (ξ)
[
∂ξ1pi
−
δ (ξ), ∂ξ2pi
−
δ (ξ)
] · J0(ξ) + OL2ξ(rδ(ξ)−1). (2.26)
Since the terms on both sides have rank at most 1, the remainder term has rank at
most 2 and we can take the trace of (2.26), without changing the magnitude of the
remainder. This yields
Tr
(
Π−δ (ξ)
[∇ξ1Π−δ (ξ),∇ξ2Π−δ (ξ)]) = Tr(pi−δ (ξ)[∇ξ1pi−δ (ξ),∇ξ2pi−δ (ξ)])+O(rδ(ξ)−1).
Above we used the cyclicity of the trace and the formula J0(ξ)J0(ξ)∗ = IdC2 to get rid
of the terms J0(ξ) and J0(ξ)∗. The proof is complete thanks to (2.21). 
Observe that because rδ(ξ) is bounded below by νF |ξ − ξ?|, for every ε > 0,∫
D(ξ?,ε)
dξ
rδ(ξ)
≤
∫ ε
0
2pir · dr
νF r
=
2piε
νF
. (2.27)
We deduce from Lemma 2.4 and (2.27) that for every ε ∈ (0, ε0) and δ ∈ (0, δ0), there
exists a constant C0 such that∣∣∣∣ i2pi
∫
D(ξ?,ε)
Bδ(ξ)dξ − i
2pi
∫
D(ξ?,ε)
bδ(ξ)dξ
∣∣∣∣ ≤ C0ε.
Fix ε1 such that ε1 ≤ ε0 and 4C0ε1 ≤ 1. Then∣∣∣∣ i2pi
∫
D(ξ?,ε1)
Bδ(ξ)dξ − i
2pi
∫
D(ξ?,ε1)
bδ(ξ)dξ
∣∣∣∣ ≤ 14 . (2.28)
The next lemma computes explicitly bδ(ξ) and the associated Chern number.
Lemma 2.5. Let ε1 be the number fixed above. As δ → 0,
i
2pi
∫
D(ξ?,ε1)
bδ(ξ)dξ = −1
2
· sgn(θ?) +O(δ).
Proof. 1. We first assume that θ? > 0. Observe that
Mδ
(
Φδ(ξ)
)
= E?+δθ? ·M(ξ), M(ξ) def=
[
1 ξ
ξ −1
]
, Φδ(ξ)
def
= ξ?+
δθ? · ν?ξ
ν2F
. (2.29)
Above C is canonically identified with R2.
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2. We compute the Berry curvature b(ξ) associated to the negative energy eigen-
bundle for M(ξ), using [FC13, (23)]:
b(ξ) =
i
2
(
1 + |ξ|2)3/2
 ξ1−ξ2
1
 ·
 ∂
∂ξ1
 ξ1−ξ2
1
 ∧ ∂
∂ξ2
 ξ1−ξ2
1

=
i
2
(
1 + |ξ|2)3/2
ξ1ξ2
1
 ·
10
0
 ∧
 0−1
0
 = i
2
(
1 + |ξ|2)3/2 .
(2.30)
3. Because of (2.29), b(ξ)dξ = Φ∗δ
(
bδ(ξ)dξ
)
. Moreover,
Φδ
(
D
(
0,
νF ε1
θF δ
))
= D
(
ξ?, ε1
)
.
It follows that
i
2pi
∫
D(ξ?,ε1)
bδ(ξ)dξ =
i
2pi
∫
D
(
0,
νF ε1
θF δ
)Φ∗δ(bδ(ξ)dξ) = i2pi
∫
D
(
0,
νF ε1
θF δ
) b(ξ)dξ.
We now use the formula (2.30) to compute this integral: we have
i
2pi
∫
D
(
0,
νF ε1
θF δ
) b(ξ)dξ = − 1
4pi
∫
D
(
0,
νF ε1
θF δ
) dξ
(1 + |ξ|2)3/2 = −
1
2
+O(δ). (2.31)
In the last equality we used that ε1 is a fixed constant.
4. We now deal with the case θ? < 0. In this case, the value (2.31) corresponds
to the positive energy eigenbundle of Mδ(ξ? + δθ?ν−1? ξ). The positive and negative
eigenbundles direct sum to the trivial bundle R2 × C2, whose total Berry curvature
vanishes. We deduce that when θ? < 0 and δ goes to zero,
i
2pi
∫
D(ξ?,ε1)
bδ(ξ)dξ = − i
2pi
∫
D
(
0,
νF ε1
θF δ
) b(ξ)dξ = 1
2
+O(δ).
This completes the proof. 
2.6. Proof of Theorem 1. We are now ready to prove Theorem 1. Fix ε1 as in
(2.28). Because of the definition of the first Chern class (2.5),
c1(Eδ,+) =
i
2pi
∫
L∗
Bδ(ξ)dξ =
i
2pi
∫
ξ∈L∗
ρ(ξ)≥ε1
Bδ(ξ)dξ +
i
2pi
∑
J=A,B
∫
D(ξJ? ,ε1)
Bδ(ξ)dξ. (2.32)
Because of Lemma 2.1, the first integral is O(δ). The sum in (2.32) reduces to inte-
grals of traces of Berry curvatures bδ(ξ) associated to low-energy eigenbundles Mδ(ξ),
modulo an error term that is at most 2 · 1/4 = 1/2 because of (2.28). Lemma 2.5
computes these integrals and shows that their sum equals −sgn(θ?) + O(δ). We end
up with: ∣∣c1(Eδ,+) + sgn(θ?)∣∣ ≤ 1
2
+O(δ).
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Making δ → 0 and using that c1(Eδ,+) and sgn(θ?) are both integers, we conclude that
c1(E+,δ) = −sgn(θ?).
We can go from Pδ,+ to Pδ,− by simply switching W to −W. This changes θ? to −θ?.
Therefore c1(E−,δ) = sgn(θ?). This completes the proof of Theorem 1.
3. Proof of Theorem 2
3.1. The edge problem. We review the definition of the edge operator Pδ intro-
duced in [Dr18b, §1.7]. This operator models interface effect between two materials
– described respectively by Pδ,+ and Pδ,− – along a rational edge Rv, v ∈ Λ. Write
v = a1v1 + a2v2 with a1, a2 ∈ Z relatively prime and set
v′ def= b1v1 + b2v2, a1b2 − a2b1 = 1, b1, b2 ∈ Z,
k
def
= b2k1 − b1k2, k′ def= −a2k1 + a1k2.
The operator Pδ is −∆R2 + V + δ · κδ ·W, where the function κδ ∈ C∞
(
R2,R
)
is a
domain wall across Rv:
κδ(x) = κ(δ 〈k′, x〉), ∃L > 0, κ(t) =
{−1 when x ≤ −L,
1 when x ≥ L.
Since 〈k′, v〉 = 0, the operator Pδ is periodic w.r.t. Zv (though it is not periodic
w.r.t. Λ). We denote by Pδ[ζ] the operator formally equal to Pδ, but acting on
L2[ζ]
def
=
{
u ∈ L2loc(R2,C), u(x+ v) = eiζu(x),
∫
R2/Zv
|u(x)|2dx <∞
}
.
The bulk operators Pδ,±[ζ] prescribe the essential spectrum of Pδ[ζ]:
Σess
(
Pδ[ζ]
)
= Σess
(
Pδ,+[ζ]
) ∪ Σess(Pδ,−[ζ]).
When (1.4) is satisfied, the operator Pδ[ζ] has an L2[ζ]-gap, containing the energy
level E[(ζ). The edge index N of Pδ in this gap is defined as the signed number
of eigenvalues of the family Pδ[ζ] − E[(ζ) crossing E? downward as ζ spans [0, 2pi].
It is a topological invariant of the system; we refer to [Wa16] for a comprehensive
introduction. In this section we prove the bulk-edge correspondence: the edge index
of Pδ can be computed from the bulk index of the operators Pδ,±.
3.2. Description of the problem. Fix δ ∈ (0, δ]) such that (1.4) holds. Define
δ∗
def
= sup
{
δ > 0 : ∀ζ ∈ [0, 2pi], sup
τ∈[0,2pi]
λδ,n(ζk + τk
′) < inf
τ∈[0,2pi]
λδ,n(ζk + τk
′)
}
. (3.1)
In [Dr18b, Corollary 4] we showed that the spectral flow of Pδ −E? is −2 · sgn(θ?) for
every δ ∈ (0, δ∗). Therefore, if δ[ ∈ (0, δ∗) then Theorem 2 holds.
However, generally δ∗ < δ]. This happens for instance when the no-fold condition of
Fefferman–Lee-Thorp–Weinstein [FLW16, §1.3] fails. If ζ? = 〈ξ?, v〉, the failure of the
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τ
E
λδ,n+1(ξ)
λδ,n(ξ)
E?
E? + Eδ(ξ)
4pi/3
•
δ → 0
E[(ζ?)
λδ,n+1(ξ)
λδ,n(ξ)
δ = δ[
τ
E
Figure 1. The red curves represent sections of the n-th and n + 1-th
dispersion surfaces of Pδ,+ along ζ?k + Rk′. When δ = δ[, the operator
Pδ[,+[ζ?] has a spectral gap at energy E? + E[(ζ?) and the spectral flow
of Pδ − E? − E[ is well defined. As δ decreases to 0, although the n-th
and n + 1-th dispersion surfaces of Pδ,+ remain separated, Pδ,+[ζ?] does
not have an associated gap. However, Pδ[ζ?] = Pδ,+[ζ?]− Tδ[ζ?] does.
no-fold condition is equivalent to
∃τ ∈ [0, 2pi], ζ?k+ τk′ /∈ ξ? + 2piΛ∗, λ0,n(ζ?k+ τk′) = E? or λ0,n+1(ζ?k+ τk′) = E?.
Since ξ? ∈ ζ?k + Rk′, in this situation the set involved in (3.1) is empty. Hence
δ∗ = −∞. As stated, Theorem 2 is more general than [Dr18b, Corollary 4]. We will
nonetheless derive Theorem 2 following the approach of [Dr18b].
As a preparation, we fix Eδ(ξ) depending smoothly on (δ, ξ) ∈ [0, δ]) × R2, 2piΛ∗-
periodic in ξ, such that:
ξ /∈ {ξA? , ξB? }+ 2piΛ∗, δ ∈ (0, δ]) ⇒ λδ,n(ξ) < E? + Eδ(ξ) < λδ,n+1(ξ);
E? + Eδ[(ξ) = E[(〈ξ, v〉); and Eδ(ξ) = 0 for (δ, ξ) near
(
0, ξA?
)
and
(
0, ξB?
)
.
(3.2)
The first condition is possible because of (1.3); the second one is possible because of
(1.4). The third one is possible because E? is not an eigenvalue of Pδ,+(ξ) for ξ near
ξA? and ξ
B
? and δ near 0 – see (2.19).
Define Tδ[ζ] the operator formally equal to Eδ(Dx), but acting on L2[ζ]:
Tδ[ζ]
def
=
1
2pi
∫ ⊕
[0,2pi]
Eδ(ζk + τk
′) · IdL2
ζk+τk′
dτ. (3.3)
Let Pδ[ζ] = Pδ[ζ] − Tδ[ζ]. Because of (3.2), for δ ∈ (0, δ]), E? does not belong to the
spectrum of the operators Pδ,±(ξ) − Eδ(ξ). Hence Pδ[ζ] has an essential spectral gap
at energy E?. We have the spectral flow equalities:
N = Sf
(
Pδ[ − E? − E[
)
= Sf
(
Pδ[ − E? − Tδ[
)
= Sf
(Pδ[ − E?) = Sf(Pδ − E?). (3.4)
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The first equality is simply the definition of N . The second one comes from Tδ[ [ζ] =
E[(ζ) · IdL2ζ . Indeed, because of (3.3),
Tδ[ζ] =
1
2pi
∫ ⊕
[0,2pi]
Eδ(ζk + τk
′) · IdL2
ζk+τk′
dτ =
E[(ζ)
2pi
∫ ⊕
[0,2pi]
IdL2
ζk+τk′
dτ = E[(ζ) · IdL2ζ .
The third equality in (3.4) is the definition of Pδ[ [ζ]; the last one holds because for
δ ∈ (0, δ]), Pδ[ζ]−E? has a gap containing 0, hence its spectral flow does not depend
on δ. Because of (3.4), we can obtain N by taking the limit of Sf
(Pδ −E?) as δ → 0.
We now follow the approach of [Dr18b]: we derive a resolvent estimate for Pδ[ζ]
as δ → 0. The first step is an estimate on the bulk resolvent (Pδ,±[ζ] − E?)−1 where
Pδ,±[ζ] = Pδ,±[ζ] + Tδ[ζ] and (λ, ζ) is near (E?, ζ?), as in [Dr18b, §5]. Introduce:
R : L2(R2/Zv,C2)→ L2(R,C2), (Rf)(t) def= ∫ 1
0
f(sv + tv′)ds;
R∗ : L2(R,C2)→ L2(R2/Zv,C2), (R∗g)(x) def= g(〈k′, x〉);
Uδ : L2
(
R,C2
)→ L2(R,C2), (Uδf)(t) def= f(δt).
Let /D(µ) be the operator
/D(µ) def=
[
θ? ν?k
′
ν?k′ −θ?
]
Dt + µ
[
0 ν?`
ν?` 0
]
+
[
θ? 0
0 −θ?
]
κ, `
def
= k − 〈k, k
′〉
|k|2 k
′. (3.5)
Above, ν?` is the complex number defined according to (2.8). We let /D±(µ) : H1(R,C2)
→ L2(R,C2) be the formal limits of /D(µ) as t→ ±∞ – i.e. replacing κ in (3.5) by ±1.
Theorem 3. Assume that (1.2) holds and that θ? 6= 0, ζ? = 〈ξ?, v〉 /∈ piZ. Fix µ] > 0
and  > 0. There exists δ0 > 0 such that if
δ ∈ (0, δ0), µ ∈ (−µ], µ]), z ∈ D
(
0,
√
θ2F + µ
2 · ν2F |`|2 − 
)
,
ζ = ζ? + δµ, λ = E? + δz
then the operators Pδ,±[ζ]− λ : H2[ζ]→ L2[ζ] are invertible. Furthermore,(Pδ,±[ζ]− λ)−1 = S±δ(µ, z) + OL2[ζ] (δ−1/3) ,
(k′ ·Dx)
(Pδ,±[ζ]− λ)−1 = SD±δ(µ, z) + OL2[ζ] (δ−1/3) ,
where: S±δ(µ, z) def= 1
δ
·
[
φ1
φ2
]>
eiµδ〈`,x〉R∗ · Uδ
(
/D±(µ)− z
)−1U−1δ ·Re−iµδ〈`,x〉[φ1φ2
]
,
SD±δ(µ, z) def=
1
δ
·
[
(k′ ·Dx)φ1
(k′ ·Dx)φ2
]>
eiµδ〈`,x〉R∗ · Uδ
(
/D±(µ)− z
)−1U−1δ ·Re−iµδ〈`,x〉[φ1φ2
]
.
Proof. We explain why the proof of Theorem 3 is the same as [Dr18b, Theorem 3],
without giving full details. There we processed with three main steps:
• We proved resolvent estimates on L2ξ for ξ ∈ ζk + Rk′, away from ξ?;
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• We proved resolvent estimates on L2ξ for ξ ∈ ζk + Rk′ near ξ?;
• We integrated these estimates over the segment ζk + [0, 2pi] · k′.
To reproduce the first step, we must check that Pδ,±(ξ) has a spectral gap near E?,
when ξ is away from ξ? and δ is small. The eigenvalues of Pδ,+(ξ) are λδ,j(ξ)− Eδ(ξ).
Because of (3.2), λδ,n(ξ)−Eδ(ξ) gets closed to E? only if ξ approaches ξA? or ξB? modulo
2piΛ∗. We must guarantee that ξA? and ξ
B
? do not both belong to ζ?k + Rk′ + 2piΛ∗.
This is equivalent to ζ? /∈ piZ – which is assumed in Theorem 3. Hence the first step
in the proof of [Dr18b, Theorem 3] goes through with only minor modifications: an
analog of [Dr18b, Lemma 4.1] holds.
Since Eδ(ξ) vanishes near ξ?, adding the operator Eδ(ξ)·IdL2ξ does not modify Pδ,+(ξ)
for ξ near ξ?. Thus the second step in the proof of [Dr18b, Theorem 3] is unchanged.
Because the first and second step lead to the same results as in [Dr18b, §4], the third
step (the integration process) is identical. This completes the proof of Theorem 3. 
As in [Dr18b, §6], we use the bulk resolvent estimates of Theorem 3 to derive resol-
vent estimate for the edge operator Pδ[ζ]. We introduce a parametrix:
Qδ(ζ, λ) def=
∑
±
χ±,δ · (Pδ,±[ζ]− λ)−1, χ±,δ def= 1± κδ
2
.
A calculation shows:(Pδ[ζ]− λ) ·Qδ(ζ, λ)− Id = ∑
±
(Pδ[ζ]− λ) · χ±,δ · (Pδ,±[ζ]− λ)−1 − Id
=
∑
±
(Pδ,±[ζ]− λ+ κδ · δW∓ δW) · χ±,δ · (Pδ,±[ζ]− λ)−1
=
∑
±
∓1− κ
2
δ
2
· δW · (Pδ,±[ζ]− λ)−1 +∑
±
[
D2x + Tδ[ζ], χ±,δ
] · (Pδ,±[ζ]− λ)−1
=
∑
±
([
D2x, χ±,δ
]∓ 1− κ2δ
2
· δW
)
· (Pδ,±[ζ]− λ)−1 +∑
±
[
Tδ[ζ], χ±,δ
] · (Pδ,±[ζ]− λ)−1.
The next lemma proves that the terms
[
Tδ[ζ], χ±,δ
] · (Pδ,±[ζ]− λ)−1 are negligible.
Lemma 3.1. Assume that the conditions of Theorem 3 are satisfied. Then[
Tδ[ζ], χ±,δ
] · (Pδ,±[ζ]− λ)−1 = OL2[ζ](δ2/3).
The basic idea is that because of Theorem 3,
(Pδ,±[ζ]−λ)−1 localizes to frequencies
near ξ? modulo lower order terms; while Tδ[ζ] essentially localizes to frequencies away
from ξ?. Semiclassical analysis provides the natural tool to prove Lemma 3.1. We use
the notations of [Zw12, §4]. We say that a smooth function (t, τ) ∈ R2 7→ a(t, τ) ∈ C
(possibly depending on δ ∈ (0, δ[]) belongs to the symbol class S when:
∀α, β ∈ N, sup
{∣∣∣∂αx∂βξ a(t, τ)∣∣∣ : (t, τ, δ) ∈ R2 × (0, δ[]} <∞.
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See [Zw12, §4.4]. For a ∈ S, we denote by aW the Weyl quantization of a with
semiclassical parameter δ – see [Zw12, (4.1.1)]. This is a bounded operator on L2 –
see [Zw12, Theorem 4.23]. Moreover, if b ∈ S, then
aW bW = (ab)W +
δ
2i
{a, b}W + OL2
(
δ2
)
, (3.6)
where {a, b} is the Poisson bracket of a and b. The formula (3.6) follows from [Zw12,
Theorem 4.18 and (4.4.15)] which writes aW bW as a semiclassical operator with symbol
ab+
δ
2i
{a, b}+OS
(
δ2
)
;
and [Zw12, Theorem 4.23]: the quantization of a symbol OS
(
δ2
)
is OL2[ζ]
(
δ2
)
.
Proof of Lemma 3.1. 1. Let χ,Ψ ∈ C∞(R,C) bounded together with their derivatives,
with uniform bounds as δ goes to zero. We observe that[
Ψ(Dt), (Uδχ)
]
= Uδ
[
Ψ(δDt), χ
]U−1δ . (3.7)
Note that Ψ(δDt) is a semiclassical pseudodifferential operator with symbol (t, τ) 7→
Ψ(τ); and χ is also a semiclassical pseudodifferential operator with symbol (t, τ) 7→ χ(t)
because of [Zw12, (4.1.6)]. We deduce from (3.6) that[
Ψ(δDt), χ
]
=
δ
i
{
Ψ, χ
}W
+ OL2
(
δ2
)
. (3.8)
In particular, the operator (3.7) is OL2(δ).
2. Assume that in addition, Ψ vanishes in a δ-independent neighborhood of 0. Then
we can write (3.8) as
[
Ψ(δDt), χ
]
= δ ·
({
Ψ(τ), χ(t)
}
iτ
· τ
)W
+ OL2
(
δ2
)
.
We use (3.6) to deduce that
[
Ψ(δDt), χ
]
= δ ·
({
Ψ(τ), χ(t)
}
iτ
)W
· δDt + OL2
(
δ2
)
.
Thanks to (3.7), if Ψ vanishes in a δ-independent neighborhood of 0 then
[
Ψ(Dt), (Uδχ)
]Uδ = δ · Uδ({Ψ(τ), χ(t)}
iτ
)W
· δDt + OL2
(
δ2
)
= OH1→L2
(
δ3/2
)
. (3.9)
3. For f ∈ L2[ζ], set F (s, t) = f(sv + tv′). If G is a bounded operator on L2(R), we
define
Gf(sv + tv′) =
(GF (s, ·))(t).
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Observe that ‖G‖L2[ζ] ≤ ‖G‖L2 :
|Gf |2L2[ζ] =
∫ 1
0
∫
R
∣∣Gf(sv + tv′)∣∣2dsdt = ∫ 1
0
∫
R
∣∣GF (s, ·))(t)∣∣2dsdt
=
∫ 1
0
∣∣GF (s, ·)∣∣2
L2
ds ≤ ‖G‖2L2 ·
∫ 1
0
∣∣F (s, ·)∣∣2
L2
ds = ‖G‖2L2 · |f |2L2[ζ].
We now observe that if f ∈ L2[ζ], then([
Tδ[ζ], χ±,δ
]
f
)
(sv + tv′) =
(
U−1δ ·
[
Eδ
(
ζk + δk′Dt
)
, χ±
] · UδF (s, ·))(t). (3.10)
To prove (3.10), we fix f ∈ L2[ζ] which we expand in Fourier series w.r.t. Zv:
f(x) =
∑
m∈2piZ
ei(ζ+m)〈k,x〉fm(〈k′, x〉).
Since ei(ζ+m)〈k,x〉 ∈ L2(ζ+m)k, and Eδ(ξ) depends periodically on ξ, Eδ(Dx)ei(ζ+m)〈k,x〉 =
ei(ζ+m)〈k,x〉Eδ(ζk +Dx). It follows that
(Eδ(Dx)f
)
(sv+tv′) =
∑
m∈2piZ
ei(ζ+m)s ·(Eδ(ζk+k′Dt)fm)(t) = (Eδ(ζk+k′Dt)F (s, ·))(t).
It suffices to recall that Tδ is formally equal to Eδ(Dx) (though acting on L2[ζ]) to
conclude the proof of (3.10).
We now apply Step 1 to Ψ(τ) = Eδ(ζk + τk
′) and χ = χ± = 1±κ2 . We deduce that∥∥[Tδ[ζ], χ±,δ]∥∥L2[ζ] ≤ ∥∥U−1δ · [Eδ(ζk + δk′Dt), χ±] · Uδ∥∥L2 = O(δ).
Using Theorem 3, we see that[
Tδ[ζ], χ±,δ
] · (Pδ,±[ζ]− λ)−1 = [Tδ[ζ], χ±,δ] · Sδ(µ, z) + OL2[ζ](δ2/3).
4. To conclude the proof, we show that
[
Tδ[ζ], χ±,δ
] · Sδ(µ, z) = OL2[ζ](δ). Let
Φ(x) = eiµδ〈`,x〉[φ1(x), φ2(x)]>. We write
[
Tδ[ζ], χ±,δ
] · Sδ(µ, z) = δ−1T±,1 · T±,2, where
T±,1
def
=
[
Tδ[ζ], χ±,δ
] · ΦR∗ · Uδ : H1 → L2[ζ],
T±,2
def
=
(
/D±(µ)− z
)−1U−1δ ·Re−iµδ〈`,x〉[φ1φ2
]
: L2[ζ]→ H1.
We observe that T±,2 = OL2[ζ]→H1
(
δ1/2
)
.
We recall that Tδ[ζ] is the operator formally equal to Eδ(Dx) but acting on L2[ζ].
Thanks to this identification, we have[
Tδ[ζ], χ±,δ
] · Φ = [Eδ(Dx), χ±,δ] · Φ = Φ · [Eδ(Dx − ξ? − µδk), χ±,δ].
Above, we used that Eδ is periodic and that Φ ∈ L2ξ?−µδk. We deduce that
T±,1 = Φ ·
[
Eδ(Dx − ξ? − µδk), χ±,δ
]R∗Uδ = ΦR∗ · [Eδ(k′Dt − ξ? − µδk), (Uδχ±)]Uδ.
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We now apply (3.9) with χ = χ± and Ψ(τ) = Eδ(τk′ − ξ? − µδk); we observe that
Ψ vanishes in a δ-independent neighborhood of 0 because Eδ(ξ) vanishes when ξ is
near ξ?. We deduce that T±,1 = OH1→L2[ζ]
(
δ3/2
)
. Since
[
Tδ[ζ], χ±,δ
] · Sδ(µ, z) =
δ−1T±,1 · T±,2, we deduce that
[
Tδ[ζ], χ±,δ
] · Sδ(µ, z) = OL2[ζ](δ2). The proof of the
lemma is complete. 
We conclude from Lemma 3.1 and the discussion preceding it that(Pδ[ζ]− λ) ·Qδ(ζ, λ) = Id +Kδ(ζ, λ) + OL2[ζ](δ2/3),
Kδ(ζ, λ) def=
∑
±
([
D2x, χ±,δ
]∓ 1− κ2δ
2
· δW
)
· (Pδ,±[ζ]− λ)−1.
The operatorKδ(ζ, λ) andQδ(ζ, λ) satisfy the same expansions asKδ(ζ, λ) andQδ(ζ, λ)
in [Dr18b, §6.1], because Theorem 3 provides the same resolvent estimates as [Dr18b,
Theorem 3]. Therefore, the proof of [Dr18b, Theorem 2] applies without further
changes. It yields:
Theorem 4. Assume that (1.2) holds and that θ? 6= 0, ζ? /∈ piZ; fix µ] > 0 and  > 0.
Let Σ(µ) denote the L2-spectrum of /D(µ). There exists δ0 > 0 such that if
µ ∈ (−µ], µ]), δ ∈ (0, δ0), z ∈ D
(
0,
√
θ2F + µ
2 · ν2F |`|2 − 
)
, dist
(
Σ(µ), z
) ≥ ,
ζ = ζ? + δµ, λ = E? + δz
then Pδ[ζ]− λ is invertible and its resolvent
(Pδ[ζ]− λ)−1 equals
1
δ
·
[
φ1
φ2
]>
e−iµδ〈`,x〉 ·R∗Uδ ·
(
/D(µ)− z)−1 · U−1δ R · eiµδ〈`,x〉[φ1φ2
]
+ OL2[ζ]
(
δ−1/3
)
.
The family µ 7→ /D(µ) has spectral flow equal to −sgn(θ?) as µ runs through R – see
[Dr18b, §3.2]. Since there are two Dirac points, we recover a spectral flow of Pδ − E?
equal to −2 · sgn(θ?) for small δ – see the proof of [Dr18b, Corollary 4]. The identity
(3.4) completes the proof of Theorem 2.
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